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PRESSING A RIGID PLASTIC SURFACE BY A WEDGE-SHAPED STAMP
UNDER THE COULOMB-MOHR YIELD CONDITION

A. N. Anisimov! and A. I. Khromov? UDC 539.374

The problem of treating a surface with a wedge-shaped stamp is considered using the model of an ideal
rigid plastic body. The strain fields in the vicinity of singularities of the displacement velocity field (on
the discontinuity lines of the displacement velocities and at the center of the fan of characteristics)
are investigated taking into account irreversible compressibility.
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Technological problems of plasticity theory were studied in [1, 2], but the strain field has not been investigated
or has been considered using the Tresca or Mises yield conditions, which within the model of a rigid plastic body,
lead to plastic incompressibility of the material. From experimental studies, it is known that material fracture is
preceded by loosening. In the surface pressing process considered, material fracture is represented as surface peeling,
which can be preceded by loosening of the material. These effects can be explained using the Coulomb—Mohr yield
condition, which has previously been used mostly for soils.

It has been shown [3-5] that in the plastic region, the strains are distributed extremely nonuniformly, can
reach large values, and are observed mainly in the vicinity of the singularities of the displacement velocity field.

In the present work, estimates are obtained for the field of finite strains in the problem of pressing a rigid
plastic surface by a wedge-shaped stamp (Fig. 1).

As a measure of strains we use the Almansi finite strain tensor

Bij = (0ij — 23,420 4) /2, (1)
where d;; is the Kronecker symbol, 2¥ are the Lagrangian coordinates of a particle, z; are the Eulerian coordinates
of a particle, x?l = a;j are the components of the distorsion tensor.

The yield condition for the material being compressed is taken to be the Coulomb—Mohr condition, which
for plane strain is written as follows [6]:

(011 — 022)? /4 + 0%y = (k + cos 2¢ (o171 + 022)/2)?,
where k and ¢ are constants that describe the medium studied.

Let a wedge-shaped stamp move with velocity vy along the x; axis. The stress and velocity fields are analyzed
in the same manner as in the problem of penetration of a wedge into a rigid plastic half-space [7].

The plastic region of the problem considered (see Fig. 1) consists of two triangular regions AgPA; and Ay P As
with uniform stress states which are connected by the centered fan A; PAs consisting of straight-line characteristics
1 and the family of logarithmic spirals of characteristics £, whose parametric equation is written as

21 =a— De™ % ZW= o5 (4h + @) + vot, 2y =b— De” < W=D gin (4) 4 ).
Here a and b are the coordinates of the point P and v is the angle of inclination of the largest principal stress

component to the axis 1. For the characteristic A; A, we use the constant D = ¢/(2 cos), where ¢ is the length
of the contact region AgP.
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Fig. 1. Diagram of surface pressing by a wedge-shaped stamp.

The region CAyA;1BD is the region of residual strains of depth h for motion of the wedge-shaped stamp on
the rigid plastic surface. The length of the contact area ¢ can be expressed in terms of the pressing depth h as

h = ¢(sin p e~ <t (220~ _gin ),
from which it follows that, for o < ¢, the pressing depth hA > 0.
The stamp pressure force required to deform the material is given by the relation

ke ( 1 —cos2p o—20cot 20
cos 2¢ 1+ cos2¢p

) sin .

The projections of the velocity vector in the plastic region are written as

VoSN cot (20) (o)
b)

= v = O’
cos
and the displacement velocity components are
s
v = Vg SIN & e~ ot (20)(¥—a) gipy (1/) + tp) — o,
cos

_ VoS ot (2¢)(3

~ cos (¥ + ).
cos

Vg =

On the discontinuity line AgA; As As, the tangential and normal velocity components are equal to

Vg sin asin 2¢ o cot (20)(¥—a) __ % sin v cos 2¢ o cot (20)(¥—a)
oS ’ cos

vy =
The normal displacement velocity G of the discontinuity surface AgA; AsAs is given by
1 of
B V[l Ot
[f(z1,22,t) = 0 is the equation of the rigid plastic boundary] and has the form

G = vy sin (¥ — ), a<yP<a+h.

G

The rate of change in the volume of the medium in passing through the plastic region is the sum of the
rate of volume change in passing through the discontinuity surface | (v, + G)dS and the rate of volume change in
s
the plastic region / v;,; dV. Because we consider steady-state flow, the following equality holds:
v

/ (vn + G) dS + / vis dV = 0. 3)
S 1%
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Relation (3) leads to the following equation for the cone angle of the fan A; PAs:
cos (a + 0) = sinatan e~ % (20)0
Let us estimate the strain fields in the problem considered. The curve M MsMsM, in Fig. 1 is the particle
motion trajectory in the plastic region.
The motion of the medium will be described in Euler variables. Because the medium is assumed to be conti-
nuous, the functions x¥ are also considered continuous. On the discontinuity surface of the displacement velocities,
the derivatives of these functions should satisfy the Hadamard—Thomas geometrical and kinematic compatibility

conditions [8]

oz
01 _ —
[z7 ;] = Aing, [ 8751} = \NG, (4)
where [z? = xo,j' x?;, n; are the components of the normal unit vector to the discontinuity surface, and

A; are some functions defined on the discontinuity surface; the subscripts plus and minus denote the sides
of the discontinuity surface.

Below the discontinuity line of the displacement velocities BAsAj3, the material is assumed
to be not deformed:

0—
Qj4 M, = xi,j = 51] (5)

Because the Lagrangian coordinates are constant along each material particle trajectory, we have

dij 896]0 895]0 0
it~ ot "m0

whence follows

00 oz°
(o] ==l o)

Using the first relation in (4) and relations (5), we obtain

[8;5} = —[v;] = Ajuns (6)

(vn+ is the normal particle velocity on the discontinuity line). The displacement velocity discontinuity vector can
be written as

[vj] = [velt; + [vn]ny,

where [v4] is the magnitude of the discontinuity of the tangential velocity component, [v,] is the magnitude of
the discontinuity of the normal velocity component, and ¢; are the components of the tangential unit vector
to the discontinuity surface.

From a comparison of the right sides of (4) and (6), it follows that [9]:

0

)j] (Wlt + Wgnl)nj, Qi =20 = (5 (Wlti + Wgni)nj,

[{E M, [N

7
Wi = [w]/(GHony),  Wa=[vn]/(G+vny) "
(W7 and W5 are the volumetric energy densities of the shear and volumetric strains normalized by the yield limit k).
From relations (7), it is possible to obtain the increments of the distorsion tensor component on the discontinuity
lines BA2A3 and AoAlB
To obtain the distorsion tensor components in the region of continuous plastic deformation (along the
trajectory MaMs), we use the system [10]

da;; vy,
dj + ar; . =0 (k=1,2), (8)

where d/dt = /0t + v, 0/0xy, is the material derivative with respect to time. For steady-state plastic deformation
and a stationary velocity field, we have
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8aij daij 8aij
= :
ot dt " dxy,
Transforming from the coordinates x; and 2 to the curvilinear coordinates £ and n and using the relations
for the curvature radii of the characteristics B¢ and R,
oy oY
R N dSe’ R, B a8y’
and the expressions for the derivatives with respect to the direction coincident with the direction of the tangent to
the characteristic, we obtain

207

o 2 (a sin(w+<,0)+ ) sinw—ea))

Oxy  sin2¢p \9¢ R on Ry 7

o _ 2 (8 cos(¥ +¢) 0 cos(w—so)> ?)
dxo  sin2p \O¢ R on Ry 7

where ¢ = (£ +1)/2.
Because in the problem considered, the velocity field is expressed as (2) and the characteristics n are straight

lines, by passing to the limit R, — oo in (9), we can transform system (8), by means of (9), to the system of
ordinary differential equations

daiy

dyp

da12

dip

dazl

dip

da22

dy

B+ (—a11sin (¢ — ) + a1 cos (¢ — ¢)) sin (¢ + ¢) = 0,
B+ (—a12sin (¢ — ) + aga cos (¢ — ¢)) sin (¢ + ) = 0,
B+ (a11sin (¢ — ¢) — a2 cos (¢ — @) cos (¢ + ¢) =0, (10)

B+ (a12sin (¢ — ¢) — agz cos (1 — ¢)) cos (¢ + @) = 0,

sin 2¢(sin ave™ <t (22 (Y= _ cos psin (1 + )
sinoe— cot (2¢)(Y—a)

B =

System (10) describes the dependence of the distorsion tensor components on the parameter ¢ distributed along
the trajectory of each particle (the variable ¢ plays the role of time, and da;;/di is the convective component of the
material derivative). Numerical integration of system (10) yields the components a;; at the point Ms. The initial
conditions for the system of differential equations (10) are the distorsion tensor components (7) calculated at the
point Ms. The Almansi strain tensor is calculated from the distorsion tensor using constraints (1).

In passing from the plastic region across the discontinuity line, the particle displacement velocity AgA, B is
deformed again. Because the strain gradient tensor for the initial, intermediate, and final configurations of the

medium are linked by the relation
oz 02 Ox?
Ox; 0z Ox;’

the total strains at the point M, are expressed as

F 90~
axz . = (5% — (Wlti + Wgnz)nk) 8;‘ y (11)
J J
Here
8x20* ‘ ‘
= a;
aﬁj M ik 3

Using relations (7) and (11) and the system of differential equations (10), we obtain the strain accumulation
in the regions MlMQ, MQMg, and M3M4.
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Fig. 2. Strains F; (a and ¢) and Fs (b and d) versus angle v in the region CAgA1 BD (see Fig. 1)
for ¢ = 45° (incompressible material) (a and b) and 40° (¢ and d) and « = 5° (1), 10° (2), 15° (3),
20° (4), 25° (5), and 30° (6).
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Fig. 3. Material density versus angle 1) in the region C Ao A1 BD (see Fig. 1) for ¢ = 40° and various
values of the angle o (notation the same as in Fig. 2).
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The particle strain characteristics are taken to be the principal values of the Almansi finite strain tensor (1)
1 1
Ei2= 9 (E11 4 Eo2) £ 9 \/(Ell — E9)? +4F%,.

The change in the material density due to deformation is given by the relation

pe = \/(1 —2F)(1 — 2E,) p°,

where p? is the initial density.

The numerical solution of the problem was obtained for the following parameter values: vy = 1, p2 = 1,
and ¢ = 40 and 45°. Figure 2 shows curves of particle strains at the exit from the plastic region versus angle v
(a <9 < ) for values of the angle o = 5-30°.

Figure 3 shows curves of the material density p. at the exit from the plastic region versus angle v for ¢ = 40°
and values of the angle & = 5-30°. From Fig. 3 follows that, at a = 30°, the pressing of the medium leads to its
decompaction. In the remaining cases, the material is first compacted and then decompacted in approaching the
point B.

The study performed leads to the following conclusions.

The proposed model for the technological process of surface pressing provides quantitative estimates of
changes in material density.

The approach can be used in experimental determinations of the constant ¢ in the Coulomb—Mohr yield
condition.

The mechanical characteristic of material fracture related to plastic compressibility (from the moment of
onset of surface peeling) can be determined by experimental implementation of the surface pressing of various
materials by a wedge-shaped stamp.

This work was supported by the Federal Agency of Education under the project Theoretical and Experi-
mental Studies of the Effect of Dissipative Processes on the Mechanical Characteristics and Fracture of Materials
(Grant No. RNP 2.1.1/889).

REFERENCES

1. B. A. Druyanov and R. I. Nepershin, Theory of Technological Plasticity [in Russian], Mashinostroenie, Moscow
(1990).

V. M. Segal, Technological Problems of Plasticity Theory [in Russian], Nauka Tekhnika, Minsk (1977).

G. L. Bykovtsev and D. D. Ivlev, Plasticity Theory [in Russian], Dal'nauka, Vladivostok (1998).

A. 1. Khromov, Strain and Fracture of Rigid Plastic Bodies [in Russian], Dalnauka, Vladivostok (1996).

A. 1. Khromov, “Localization of plastic strains and fracture of ideal rigid plastic bodies,” Dokl. Ross. Akad.
Nauk, 362, No. 2, 202-205 (1998).

V. V. Sokolovskii, Plasticity Theory [in Russian], Vysshaya Shkola, Moscow (1969).

A. N. Anisimov and A. I. Khromov, “Penetration of a wedge into a half-space under the Coulomb-Mohr
condition,” Vestn. Samarsk. Gos. Tekh. Univ., No. 1, 44-49 (2007).

8. T. Thomas, Plastic Flow and Fracture in Solids, Academic Press, New York-London (1961).

9. A. N. Anisimov and A. I. Khromov, “Strains on the discontinuity surface of the displacement velocity field,” in:
Theoretical and Applied Mechanics (collected scientific papers) [in Russian], No. 19, Belarusian National Tech.
Univ., Minsk (2005), pp. 126-127.

10. S. K. Godunov, Elements of Continuum Mechanics [in Russian], Nauka, Moscow (1978).

CU L

e

298




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


